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tive mass transfer past an exponentially stretching sheet in an exponentially moving free stream.
The reaction rate of solute and the wall concentration distribution are taken variable. The govern-
ing equations are transformed and then solved numerically. The study reveals that the momentum
boundary layer thickness is considerably smaller than that of stagnation point ﬂow over stretching
sheet. Due to increase of Schmidt number and reaction rate parameter the mass transfer consider-
ably enhances. Importantly, for solute distribution, in addition to mass transfer, mass absorption
occurs in certain situations.
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The ﬂow due to stretching sheet is a vital problem in classical
ﬂuid mechanics due to its vast applications in many manufac-
turing processes in industry, such as, extraction of polymer
sheet, wire drawing, paper production, glass-ﬁber production,
and hot rolling. Crane [1] ﬁrst investigated the steady bound-
ary layer ﬂow of an incompressible viscous ﬂuid over a linearly
stretching plate and gave an exact similarity solution in closed2530452.
ail.com, krish.math@yahoo.
tian Mathematical Society.
g by Elsevier
ical Society. Production and hostin
8.018analytical form. Numerous studies [2–10] have been conducted
later to extend the pioneering work of Crane [1]. On the other
hand, Hiemenz [11] ﬁrst studied the steady ﬂow in the neigh-
borhood of a stagnation-point. Chiam [12] considered a prob-
lem which is a combination of the works of Hiemenz [11] and
Crane [1], i.e. the stagnation-point ﬂow towards a stretching
sheet taking identical stretching rate of the sheet and strain
rate of the stagnation-point ﬂow and he found no boundary
layer structure near the sheet. Mahapatra and Gupta [13] rein-
vestigated the same stagnation-point ﬂow towards a stretching
sheet with different stretching and straining rates and found
two kinds of boundary layer near the sheet depending on the
ratio of the stretching and straining rates. In addition, some
very important investigations in this direction can be found
in the articles [14–22].
The diffusion of spices with chemical reaction in the bound-
ary layer ﬂow also has many applications in water and air pol-
lutions, ﬁbrous insulation, atmospheric ﬂows and many otherg by Elsevier B.V. Open access under CC BY-NC-ND license.
224 K. Bhattacharyyachemical engineering problems. Chambre and Young [23] con-
sidered the diffusion of a chemically reactive species in a lam-
inar boundary layer ﬂow. Later, Andersson et al. [24]
investigated the effect of transfer of chemically reactive species
in the laminar ﬂow over a stretching sheet. Aﬁfy [25] explained
the MHD free convective ﬂow of viscous incompressible ﬂuid
and mass transfer over a stretching sheet with chemical reac-
tion. Cortell [26] investigated the motion and mass transfer
for two classes of viscoelastic ﬂuid over a porous stretching
sheet with chemically reactive species. Recently, Bhattacharyya
and Layek [27,28] discussed the behavior of chemically reactive
solute distribution in MHD boundary layer ﬂow over a perme-
able stretching sheet and also described the slip effects on the
boundary layer ﬂow and mass transfer over a vertical stretch-
ing sheet.
Last few decades in almost all investigations on the ﬂow
over a stretching sheet, the ﬂow occurs because of linear vari-
ation of stretching velocity of the ﬂat sheet along the sheet. So,
the boundary layer ﬂow induced by an exponentially stretching
sheet is not studied much though it is very important and real-
istic ﬂow frequently appeared in many engineering processes.
Magyari and Keller [29] ﬁrst considered the boundary layer
ﬂow due to an exponentially stretching sheet and they also
studied the heat transfer in the ﬂow taking exponentially var-
ied wall temperature. Elbashbeshy [30] numerically examined
the ﬂow and heat transfer over an exponentially stretching sur-
face considering wall mass suction. Khan and Sanjayanand
[31] investigated the ﬂow of viscoelastic ﬂuid and heat transfer
over an exponentially stretching sheet with viscous dissipation
effects. Furthermore, the behavior of the ﬂow over an expo-
nentially stretching sheet under different physical aspects was
discussed by Partha et al. [32], Sanjayanand and Khan [33],
Al-Odat et al. [34] and Sajid and Hayat [35]. Recently, Bhatta-
charyya [36] studied the boundary layer ﬂow due to an expo-
nentially shrinking sheet.
In the present paper, the steady boundary layer ﬂow and
mass transfer with ﬁrst order chemical reaction over an expo-
nentially stretching sheet in an exponential free stream are
studied. Nature of this ﬂow is comparable with the stagna-
tion-point ﬂow over a stretching sheet. Here, the reaction rate
of the solute and the wall concentration distribution are also
taken in exponentially varying form. The obtained self-similar
equations are solved by shooting method. The numerical com-
putations are presented through some ﬁgures and the various
characteristics of ﬂow and diffusion are discussed.
2. Analysis of problem
Consider the steady two-dimensional ﬂow and mass transfer
undergoing ﬁrst order chemical reaction over an exponentially
stretching sheet with velocity Uw(x) in an exponential free
stream with velocity U1. The sheet coincides with the plane
y= 0 and the ﬂow conﬁned to y> 0. Using boundary layer
approximation, equations for the ﬂow and the concentration
distribution are written in usual notation as:
@u
@x
þ @v
@y
¼ 0; ð1Þ
u
@u
@x
þ v @u
@y
¼ U1 dU1
dx
þ t @
2u
@y2
ð2Þ
andu
@C
@x
þ v @C
@y
¼ D @
2C
@y2
 RðC C1Þ; ð3Þ
where u and v are the velocity components in x- and y-direc-
tions respectively, t(=l/q) is the kinematic ﬂuid viscosity, q
is the ﬂuid density, l is the coefﬁcient of ﬂuid viscosity, C is
the concentration, D is the diffusion coefﬁcient and C1 is
the concentration in the free stream. R(x) is the variable reac-
tion rate and is given by R(x) = R0exp(x/L), L is the reference
length and R0 is a constant.
The boundary conditions are given by:
u ¼ UwðxÞ; v ¼ 0 at y ¼ 0; u! U1ðxÞ as y!1
ð4Þ
and
C ¼ Cw ¼ C1 þ C0 exp kx
2L
 
at y ¼ 0;
C! C1 as y!1; ð5Þ
where Cw is the variable concentration of the sheet, C0 is a con-
stant which measures the rate of concentration increase along
the sheet and k is a parameter which is physically very impor-
tant in controlling the exponential increment of surface con-
centration and it may have both positive and negative
values. The stretching velocity Uw and free stream velocity
U1 are respectively given by:
UwðxÞ ¼ b exp x
L
 
and U1ðxÞ ¼ a exp x
L
 
; ð6Þ
where b and a are constants with b> 0 and a> 0.
This ﬂow is quite similar with the stagnation-point ﬂow
over a stretching sheet though here no stagnation point ap-
pears. Actually, this type of ﬂow is more generalized.
The following similarity transformations [29,33] are
introduced:
w ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2tLb
p
fðgÞ exp x
2L
 
; C
¼ C1 þ ðCw  C1Þ/ðgÞ and g ¼ y
ﬃﬃﬃﬃﬃﬃﬃﬃ
b
2tL
r
exp
x
2L
 
; ð7Þ
where w is the stream function deﬁned in the usual notation as
u= ow/oy and v= ow/ox and g is the similarity variable.
In view of (7), the Eq. (1) is identically satisﬁed and the Eqs.
(2) and (3) reduce to the following self-similar equations:
f000 þ ff00  2f02 þ 2e2 ¼ 0 ð8Þ
and
/00 þ Scðf/0  kf0/ b/Þ ¼ 0; ð9Þ
where e= a/b is the velocity ratio parameter and Sc= t/D is
the Schmidt number and b= 2LR0/b is the reaction rate
parameter.
The boundary conditions (4) and (5) reduce to the following
forms:
fðgÞ ¼ 0; f0ðgÞ ¼ 1 at g ¼ 0; f0ðgÞ ! e as g!1 ð10Þ
and
/ðgÞ ¼ 1 at g ¼ 0; /ðgÞ ! 0 as g!1: ð11Þ
When e= 1, i.e. b= a, the Eq. (8) with boundary condition
(10) gives closed form analytical solution f(g) = g which is
similar to the stagnation-point ﬂow over stretching sheet [14].
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Figure 2 Concentration proﬁles /(g) for several values of e.
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The nonlinear coupled differential Eqs. (8) and (9) along with
the boundary conditions (10) and (11) form a two point
boundary value problem (BVP) and is solved using shooting
method, by converting it into an initial value problem (IVP).
In this method, it is necessary to choose a suitable ﬁnite value
of gﬁ1, say g1. The following ﬁrst-order system is set:
f0 ¼ p; p0 ¼ q; q0 ¼ 2p2  fq 2e2 ð12Þ
and
/0 ¼ z; z0 ¼ Scðfz kp/ b/Þ ð13Þ
with the boundary conditions
fð0Þ ¼ 0; pð0Þ ¼ 1; /ð0Þ ¼ 1: ð14Þ
To solve (12) and (13) with (14) as an IVP we must need the
values for q(0), i.e. f00(0) and z(0), i.e. /0(0) but no such values
are given. The initial guess values for f00(0) and /0(0) are chosen
and the fourth order Runge–Kutta method is applied to obtain
the solution. The calculated values of f0(g) and /(g) at
g1(=30) are compared with the given boundary conditions
f0(g1) = e and /(g1) = 0 and adjust values of f00(0) and
/0(0) using Secant method to give better approximation for
the solution. The step-size is taken as Dg= 0.01. The process
is repeated until we get the results correct up to the desired
accuracy of 106 level.
4. Results and discussion
In the boundary layer ﬂow with exponentially moving free
stream over an exponentially stretching sheet, two different
kinds of boundary layer structures near the sheet have formed
depending upon the ratio of the two constants relating to free
stream and stretching velocities, i.e. on the velocity ratio
parameter e, for e> 1 and e< 1. Also for e= 1, no boundary
layer is formed near the sheet. The velocity proﬁles for various
values of e are depicted in Fig. 1 and corresponding concentra-
tion proﬁles are plotted in Fig. 2. The boundary layer thick-
nesses are physically very important. The viscous and solute
boundary layer thicknesses are denoted by d and dC, respec-
tively and are described by the equations
d ¼ gd
ﬃﬃﬃﬃﬃ
2tL
b
q
exp  x
2L
 
and dC ¼ gdC
ﬃﬃﬃﬃﬃ
2tL
b
q
exp  x
2L
 
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Figure 1 Velocity proﬁles f0(g) for several values of e.respectively deﬁned as the values of g (non-dimensional dis-
tance from the surface) at which the difference of dimension-
less velocity f0(g) and the parameter e decays to 0.001 and
the dimensionless concentration /(g) reduces to 0.001. The val-
ues gd and gdC are given in Table 1 for several values of e.
From the table, it is seen that the viscous boundary layer thick-
ness decreases when e increases (both for e> 1 and e< 1).
But, it is worth noting that the viscous boundary layer thick-
ness is considerably thinner than that of the boundary layer
of stagnation-point ﬂow over a stretching sheet which is ob-
tained by Mahapatra and Gupta [14]. So, in boundary layer
ﬂow over an exponentially stretching sheet with exponential
free stream, though the ﬂow dynamics is of similar pattern
with that of the stagnation-point ﬂow over a stretching sheet
but the viscous boundary layer thickness is smaller and these
are physically realistic. It is important to note that the solute
boundary layer thickness also decreases with increasing e.
In Figs. 3 and 4, the concentration proﬁles for various val-
ues of Schmidt number Sc are demonstrated with e= 1.5 and
0.1 respectively. It is found that the concentration at a point
and the solute boundary layer thickness rapidly decreases with
increase of Sc for both values of e. This is caused due to the
fact that the mass transfer from the surface to ﬂuid strongly
depends on Sc and the mass transfer increases as Sc increases.
Actually, a increase of Schmidt number means a decrease in
diffusion coefﬁcient D and the mass transfer is inversely pro-
portional to D.
The variations in concentration proﬁles for different values
of reaction rate parameter b are exhibited in Figs. 5 and 6 for
e= 1.5 and 0.1 respectively. For both values of e, concentra-
tion decreases with b. The solute boundary layer thickness
slightly reduced for increase of b when e= 1.5, whereas, for
e= 0.1 that thickness signiﬁcantly decreases with b. The mass
transfer is also affected by b. The mass transfer enhances due
to b and for which the solute boundary layer thickness reduces.
The effect of the parameter k on the reactive concentration
distribution is very important in physical point of view. The
dimensionless solute proﬁles /(g) are presented in Figs. 7
and 8 for various k with e= 1.5 and e= 0.1 respectively. In
both the cases the overshoot of concentration for some nega-
tive values of k are observed. When e= 1.5, the concentration
overshoot is started for smaller negative values of k and on the
other hand, the overshoot of concentration is observed for lar-
ger negative values of k for e= 0.1. In these ﬂow situations
= 0.05, 0.1, 0.2, 0.5, 1.2Sc
= 1λ= 0.5,β= 1.5,ε
φ(η
)
η
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  2  4  6  8  10
Figure 3 Concentration proﬁles /(g) for several values of Sc
with e= 1.5.
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Figure 4 Concentration proﬁles /(g) for several values of Sc
with e= 0.1.
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Figure 5 Concentration proﬁles /(g) for several values of b with
e= 1.5.
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Figure 6 Concentration proﬁles /(g) for several values of b with
e= 0.1.
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Figure 7 Concentration proﬁles /(g) for several values of k with
e= 1.5.
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Figure 8 Concentration proﬁles /(g) for several values of k with
e= 0.1.
Table 1 Values of gd and gdC for several values of e with Sc= 0.7, b= 0.5, and k= 1.
e 0.1 0.2 0.5 1.5 2.0 2.5 3.0
Mahapatra and Gupta [14] (linear stagnation-point ﬂow) gd 6.96 5.91 4.36 – 2.62 – 2.30
Present study gd 5.04 4.17 2.91 1.87 1.79 1.68 1.59
gdC 6.15 5.51 4.37 2.92 2.59 2.35 2.16
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Also, it can be concluded that the larger velocity of stretching
prevents the overshoot of concentration, i.e. the mass
absorption. For k> 0, no overshoot is observed for both
values of e. In addition, the solute boundary layer thickness
decreases with k.
5. Conclusions
The effects of various physical parameters on the ﬂow and
mass transfer characteristics in the boundary layer over an
exponentially stretching sheet with an exponential free stream
have been analyzed. The transformed nonlinear self-similar or-
dinary different equations are solved by shooting technique
using Runge–Kutta method. The ﬁndings of the graphical
analysis of the results of this investigation can be summarized
as follows:
(i) The viscous and solute boundary layer thicknesses
decrease with increase of velocity ratio parameter e.
Importantly the thickness of the viscous boundary layer
in this type of ﬂow is signiﬁcantly thinner than the linear
stagnation point ﬂow over a linearly stretching sheet.
(ii) The mass transfer from the sheet enhances for the
increase of velocity ratio parameter, Schmidt number
and reaction rate parameter.
(iii) For larger negative value of k, the mass transfers from
the ﬂuid to the surface, i.e. mass absorption occurs
and it increases with e.Acknowledgement
Author gratefully acknowledges the ﬁnancial support of Na-
tional Board for Higher Mathematics (NBHM), DAE, Mum-
bai, India for pursuing this work.
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